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Geografische Koordinaten des Beobachtungsortes
Geozentrischer Beobachtungsort
(Mit der Erde rotierendes System)
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· Parameter des Erdellipsoids
·
·
Rotationsgeschwindigkeit der Erde
Beobachtungszeitpunkt in Sternzeit
Geozentrische Position und Geschwindigkeit des Beobachtungsortes
(Epoche: , Äquinoktium: )t tO Ref
1.) Transformation
in sphärische Koordinaten
2.) Reduktion
der Erdrotation
3.) Reduktion
von Präzession und Nutation für
Anpassung an Ephemeridentheorie
· Baryzentrische Position und Geschwin-
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4.) Reduktion
auf Baryzentrum
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;*&{207}|<D.03-	+,1,-	+~oD=93-	&ZFH-	.0.GFH-B-	=Z[ﬂ;*5,=9-	+:<;*&920-	=ZF;*I`[1,-	7_.03D=92GFH5,7gI,&	a1,-	=g[^],=
s ?ﬃ<q
oD+Js;*.01,-	&U-vFﬁ;*.qVj$fQ-	+QFbA"2046'*-	.GF(A"I,=91,-*V,%&(&ZFH-	.0.GFs-	20+,-Nn`FH207820-	=9I,+,3S1,-	=soD+h>=9D*FH5Ł$fQ:j-O
&9465,=920-	:j-	+,-	+D=93-	5,-	+,&ZAU-	20&9-*aoD=9=H;*+,3203K+<;*4651,-	+t"-	465,-	+<;*I`[iA(;*+,1&9-	+,'*-	+,1,-	+p>-	&920465QFH&9n,I,+,'QFH-	+Wa
1<;*=	V
z
20-207|<D.03-	+,1,-	+?1<;*=93-	&ZFH-	.0.GFH-	+?%=ZAU-	2GFH-	=9I,+,3-	+\1,-	&_.03D=92GFH5,7gI,&	a	1,20-;*I,&FH5,-	D=9-vFH20&9465,-	+\:j-	=$O
.0-	3I,+,3-	+~R	I~-	20+,-	7-	+QFH&9465,-	201,-	+,1,-	+p_:,.;*I`[^n<;*=H;*78-vFH-	=?:,RvA?V1,-	=\-	=9'L+L],n`[^I,+,3Ł1,-	=\wb1,-	+QFH2G<'e;eFH20D+
782GF1,-	=207+<m*465,&ZFH-	+Ł_:,&9465,+,2GF9F{qV Qﬁ3-	&9D+,1,-	=ZF1<;*=93-	&ZFH-	.0.GFH-	+#cU-	&ZFH20787gI,+,381,-	=C.;eF9FH-	+,'*D+,&ZF6;*+O
FH-	+r^E=H;*+,&Z[^D=97B;eFH20D+=9-	&9I,.GFH20-	=9-	+Wa7B;*465,-	+~1,20-	&9-	&S-	=Z[ﬂ;*5,=9-	+R	I~-	20+,-	7-v8R	20-	+QFH-	+I,+,1=9D:,I,&ZFH-	+

-	=9'LR	-	I,3,V
>?;*+,R;*.0.03-	78-	20+{o-	=9&9I,465QF1<;*&U-	=Z[ﬂ;*5,=9-	+K-	20+,-	+J78-	+,&9465,.020465,-	+Kwb1,-	+QFH2G<'e;eFH20D+,&9n,=9DR	-	&9&ﬁR	IK20782GFH20-O
=9-	+Wa<+<m*78.020465J782GFﬁ1,-	+/5,-	.0.0-	=9-	+#N:
P
-	'QFH-	+#-	20+,-	=ﬁ_I`[^+<;*5,78-3-	D78-vFH=920&9465,-S|203I,=9-	+^5,20-	=	
z
=9-	20-	46'*-f
R	I[^D=978-	+pI,+,11,20-	&9-h20+p-	20+,-	=8-	+QFH&9n,=9-	465,-	+,1,-	+ ?;*=ZFH-h1,-	=Bt"-v[^-	=9-	+,R	&ZFH-	=9+,-^207u|<D.03-	+,1,-	+p'LI,=9R*
¡
FH-	=9+,'e;*=ZFH-
ﬂ¢
ﬁA"20-	1,-	=R	IT<+,1,-	+WV
z
-	=£;eFHI,=1,20-	&9-	=D=93-	5,-	+,&ZAU-	20&9-20&ZF3-	&9465LI,.01,-vFkaW1<;*&9&&920-\+,20465QF
[^],=B&9D.0465,-Ł?;eF6;*.0D3-h;*+QAU-	+,1,:<;*=K20&ZFka1,20-#-	+QFbAU-	1,-	=/5,-	.0.0-	=9-TN:
P
-	'QFH-Ł+,20465QFJ:j-	20+,5<;*.GFH-	+D1,-	=6¤eI,+,1
1,-	=9-	+#wb+,5<;*.GF"&920465h+<;*465h3-	D78-vFH=920&9465,-	+T>-	&920465QFH&9n,I,+,'QFH-	+T:j-	7820&9&ZFkV<l+,3-	-	203+,-vF&920+,1/:,&9nQA?Vj1,20-?;*I,&
1,-	7xI,7[ﬂ;*&9&9-	+,1,-	+¦¥§,¨{©(ªﬂ«UO$?;eF6;*.0D3-XFH=H;*5,20-	=ZFH-	+¥§,¨{©(ª¬§`«UO$?;eF6;*.0D3-*a1,20-(oD=9R	I,3&ZAU-	20&9-?N:
P
-	'O
FH-782GF 16 7B;*3 < V < 19 7B;*3\;*+BoD=93-	3-	:j-	+,-	+ 1.′5 O$t;*&ZFH-	=9n,I,+,'QFH-	+K-	+QFH5<;*.GFH-	+dq­hD+,-vFkayfQV
z
-	7
-	=Z[ﬂ;*5,=9-	+g.020-	3*Fo20-	.078-	5,=1,20-swb1,-	-(R	I>=9I,+,1,-*ae1<;*&9&	a®oD+g_I,&9+<;*5,78-	+{;*:,3-	&9-	5,-	+Wa*5,-	.0.0-(N:
P
-	'QFH-(1,-	=
_I`[^+<;*5,78-?;*I,465h5,-	.0.0-	+#N:
P
-	'QFH-	+h20+/1,-	=
¡
FH-	=9+,'e;*=ZFH-?-	+QFH&9n,=9-	465,-	+Waj1WV 5WV;*I,465/20+/:j-	201,-	+KoD=95<;*+,1,-	+
&920+,1WV%&?20&ZF+,20465QF?-	=Z[^D=91,-	=9.020465ŁI,+,1;*I,&=9-	465,-	+QFH-	465,+,20&9465,-	=
¡
20465QFS;*I,465d+,20465QF?=H;eFH&H;*7hajoD+cU-	320+,+
;*+#;*.0.0-N:
P
-	'QFH-S1,-	="_I`[^+<;*5,78-:,RvA?V1,-	=
¡
FH-	=9+,'e;*=ZFH-?20+/1,20-wb1,-	+QFH2G<'e;eFH20D+/-	20+,R	I,:j-	R	20-	5,-	+Wa<1<;{-	20+,-
-	20+,1,-	I`FH203-\YyI,D=91,+LI,+,3oD+/AU-	+,203-	+TN:
P
-	'QFH-	+#78-	20&ZF;*I,&9=9-	20465QFka3=9D:j-E=H;*+,&Z[^D=97B;eFH20D+,&9:j-	R	20-	5LI,+O
3-	+RvA"20&9465,-	+:j-	201,-	+|<-	.01,-	=9+dR	I:j-	&ZFH207878-	+WaW;*+,5<;*+,11,-	=9-	=S1<;*+<;*4651,20-8;*+,1,-	=9-	+~N:
P
-	'QFH-B.0-	20465QF
R	I,3-	D=91,+,-vFAU-	=91,-	+{'*)+,+,-	+WV
z
;*&2078n,.020R	20-	=ZF-	20+,-ﬁYjAU-	20&ZFHI`<3'*-	2GFkae1,20-s&920465{;*I,465{20+S1,-	7o-	=ZAU-	+,1,-vFH-	+
_.03D=92GFH5,7gI,&UA"201,-	=9&9n,20-	3-	.GF\^_:,:WVjVGfQV
YyI,+<m*465,&ZFAU-	=91,-	+g1,20-sN:
P
-	'QFH-s1,-	=E_I`[^+<;*5,78-*ak3-	+<;*I,&9D"A"20-1,20-1,-	=
¡
FH-	=9+,'e;*=ZFH-s;*I`[^3-	.020&ZFH-vFka	+<;*465
&9465,-	20+L:<;*=9-	+M-	.0.0203'*-	2GFH-	+Ł&9D=ZFH20-	=ZFSI,+,1782GF-	20+,-	=?.;*I`[^-	+,1,-	+£I,7878-	=o-	=9&9-	5,-	+r^wb+,1,20R	20-	=9I,+,3LVwb+
:j-	201,-	+T¯20&ZFH-	+hAU-	=91,-	+T1<;*+,+#7B;®X`207B;*.y1,20-
 Q°
5,-	.0.0&ZFH-	+TN:
P
-	'QFH-\3-vA(m*5,.GFka;*+,5<;*+,1#1,-	=9-	=&9n<meFH-	=1,20-
wb1,-	+QFH2G<'e;eFH20D+oD=93-	+,D7878-	+AU-	=91,-	+¦&9D.0.qV­h-	5,=JN:
P
-	'QFH-#-	20+,R	I,:j-	R	20-	5,-	+±:,=920+,3*F'e;*I,7²>-vA"20+,+Wa
P
-	1,D465p&ZFH-	203-	=ZF&9204651,-	=8t"-	465,-	+<;*I`[iA(;*+,1-	+,D=97³is;*.01,-	&{-vFB;*.qVGaUfQV
z
;d;*.0.0-B78)3.020465,-	+Wa782GF
1,20-	&9-	+´N:
P
-	'QFH-	+ -	=9&ZFH-	.0.0:<;*=9-	+
z
=9-	20-	46'*-d:j-vFH=H;*465QFH-vFKAU-	=91,-	+Waﬁ3-	5QF/-	20+,-T%=95,)5LI,+,3p;*I`[S:,&9nQA?V
°
N:
P
-	'QFH-8:j-	=9-	2GFH&782GF-	20+,-	=-	=91,Dn,nj-	.0I,+,3/1,-	&St"-	465,-	+<;*I`[iA(;*+,1,-	&\-	20+,5,-	=	ay1,-	+,+1,20-{_+,Rk;*5,. T 1,-	=
z
=9-	20-	46'*-\20&ZF
T = N(N − 1)(N − 2)/6 qV µQ
782GF N ;*.0&ﬁ_+,Rk;*5,.1,-	=ﬁo-	=Z[^],3:<;*=9-	+T%46'Ln,I,+,'QFH-*V
¶^·Z¸y¹º,»¼½Ł¾ ¿À Á	ÂﬂÃﬂÄ ÅfÆ^Ç9ÈbÂÉ ÊË¿vÌqÌﬂÀ Í*ÈZ¿6ÂqÀ ÎvÁ¿ÁeÏÐ Áe¿Ê ÑfÌﬂÀËÌÒ ÑfÌ^ÂqÇZÓ
¶^Ô$Õ
À Á®ÇUÒ	ÂqÇZÖqÁ®×6¿ÖﬂÂqÇÀËÌ^ÂEÇZÀ Á®ÇØ®Å*ÇZÖÙ`¿Á®ÚvÇZÁ	ÂqÀË¿Ê ×vÎkÎvÖ¬ÏfÀ Áe¿6ÂqÇZÁÛvÇZÖqÇZÅ®Á®Ç$ÂqÇÜ¿Ö¬Ì^ÂqÇZÊ Ê Ý®Á®Ú"ÇZÀ Á®Ç9ÌÞ¿6Â¬¿Ê ÎvÚ	¿ÝeÌqÌqÈ¬ß®Á®À ÂﬂÂqÇ9ÌàáÛkÚvÊ0â
ÐÅeÌqÈ¬ß®Á®À ÂﬂÂãfâ ä	åbâ
 
$
{E$Ev ﬁ 
 


	 
e
B
$
E!#

 

nein
ja
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Laden?der?Katalogdaten: Ausschnittgröße?=?2x2?Bildfeldgrößen,
Reduktion?aller?gelesenen?Katalogobjekte
Extraktion?von?Dreiecksinformationen
ausgewählte?helle?Objekte?der
Aufnahme
(Dreiecksraumkoordinaten,
Nummern?beteiligter?Objekte)?für
Wahl?eines?von?fünf?der?Bildfelddimension?ent-
sprechenden Teilen?des?gesamten?Katalogaus-
schnittes?nach?Reihenfolge?gemäß?Schema
12 3
4 5
Katalogausschnitt
Bildfeld
Extraktion?von?Dreiecksinformationen
ausgewählte?helle?Objekte?des
aktuellen?kleinen?Katalogausschnittes
(Dreiecksraumkoordinaten,
Nummern?beteiligter?Objekte)?für
Feststellung?identischer?Objekte?in?Katalog?und Aufnahme?mittels
Vergleich?der?Dreiecksraumkoordinaten?(gemäß???-Grenze)?und?der
Zuordnungstabelle
Vorläufige?Bestimmung?der?Parameter?des?gewählten Transforma-
tionsmodells?anhand?der am?wahrscheinlichsten?einander?entspre-
chenden?Objekte,?mit als Anzahl?der?Plattenkonstanten
u
u
Transformation?aller?Positionen Objekte?der
Aufnahme?in?das?System?des?Kataloges?- Transformation?erfolgreich?
der ausgewählten hellen
Transformation?der?Positionen Objekte?der Aufnahme?in?das
System?des?Kataloges?-?Gibt?es?weitere?Objekte,?die?einander
entsprechen?(gemäß?Fangradius)?
aller
Überprüfung?der?aktuellen?Zuordnungen?zwischen Aufnahme?und
Objekt?gemäß?Fangradius,?gegebenenfalls?neue Verbindungen
herstellen?bzw.?bestehende?löschen?- Wurden?Zuordnungen?verändert?
Vorläufige?Bestimmung?der?Parameter
des?gewählten Transformationsmodells
anhand?aller?zugeordneten?Objekte
Ausgleichung?der?Parameter?der?linearen?Helligkeitsgleichung
zwischen Aufnahme?und?Katalog?anhand?aller?zugeordneten?Objekte
Transformation?aller?Helligkeiten?der?zugeordneten?Objekte?der
Aufnahme?in?das?System?des?Kataloges
Überprüfung?der?aktuellen?Zuordnungen?zwischen Aufnahme?und
Objekt?gemäß?maximaler?Helligkeitsdifferenz,?gegebenenfalls
falsche Verbindungen?löschenbestehende
Endgültige?Bestimmung?der?Parameter?des?gewählten
Transformationsmodells?anhand?aller?zugeordneten?Objekte
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],=\;*.0.0-
z
=9-	20-	46'*-*a1,20-8&920465
P
-vAU-	20.0&\;*I,&g1,-	+~3-vA(m*5,.GFH-	+pN:
P
-	'QFH-	+-	20+,-	=g¯20&ZFH-8[^D=978-	+.;*&9&9-	+Wa
AU-	=91,-	++LI,+d1,-	=9-	+
¡
-	2GFH-	+Qo-	=95<m*.GFH+,20&9&9-:j-	=9-	465,+,-vFSI,+,1dRvA(;*=1,-	=H;*=ZFkaW1<;*&9&&9DfAUD5,.1,20-gRvAU-	2GFH.m*+,3&ZFH-
¡
-	2GFH- b a`;*.0&s;*I,465K1,20-'L],=9R	-	&ZFH-
¡
-	2GFH- c 1,I,=9465J1,20-.m*+,3&ZFH-
¡
-	2GFH- a 3-vFH-	20.GFAU-	=91,-	+WV
z
;*1,I,=9465K'e;*+,+J-	20+
:j-	&ZFH20787\FH-	&
z
=9-	20-	46'782GF+LI,=ERvAU-	2DD=91,20+<;eFH-	+B xD a yD a®1,20--	20+,-	+\&9D3,V
z
=9-	20-	46'L&9=H;*I,7 ;*I`[^&9n<;*+,+,-	+Wa
:j-	&9465,=920-	:j-	+hAU-	=91,-	+#782GF
xD =
b
a
, yD =
c
a
. qV 
 

%20+-	+QFH&9n,=9-	465,-	+,1,-	&JDD=91,20+<;eFH-	+,&

&ZFH-	7A"20=9120+s;*.01,-	&g-vF;*.qV($fQ?;*.0&	
	
z
=9-	2áO
-	46'L&9=H;*I,7JK:j-	R	-	20465,+,-vFkVYyI,&HmeFHR	.020465rR	I 1,-	+
z
=9-	20-	46'L&9=H;*I,7{O$DD=91,20+<;eFH-	+¦AU-	=91,-	+1,20-Łwb+,1,20R	-	&h1,-	=
%46'Ln,I,+,'QFH-R	I,=scU-	&9465,=9-	20:,I,+,3g1,-	&
z
=9-	20-	46'L&soD=93-	5<;*.GFH-	+WVYy20-	.<20&ZFs-	&s+LI,+Wam*5,+,.020465,-
z
=9-	20-	46'*-20+:j-	2áO
1,-	+/¯20&ZFH-	+KR	IB<+,1,-	+Wa,1WV 5WV`3.0-	20465,-
z
=9-	20-	46'L&9=H;*I,7{O$DD=91,20+<;eFH-	+Wa1,20-205,=9-	=(£;eFHI,=U+<;*465KI,+<;*:,5<m*+,3203
oD+hE=H;*+,&9.;eFH20D+Wa,­#;*@&ZF6;*:Wa<t"D*F6;eFH20D+BI,+,1
¡
n,20-	3-	.0I,+,3{&920+,1WV
z
20-wb1,-	-20&ZFka`1<;*&9&"&920465h;*I,&ﬁ1,-	+^+,D465
I,+L:j-	'e;*+,+QFH-	+(201,-	+QFH20&9465,-	+/CI,+,'QFH-	+h:j-	201,-	=(¯20&ZFH-	+K-	20+,-20-	.0Rk;*5,.ym*5,+,.020465,-	=
z
=9-	20-	46'*-[^D=978-	+J.m*&9&ZFka
AU-	.0465,-J1,20-_+,Rk;*5,.1,-	=\R	I`[ﬂm*.0.0203/m*5,+,.020465,-	+
z
=9-	20-	46'*-J:j-	2

-	2GFH-	7],:j-	=9&ZFH-	203*FkV;eFH&Hm*465,.020465R	-	203*FH-	+
l+QFH-	=9&9I,465LI,+,3-	+doD+d>=9D*FH5$fQa<1<;*&9&&9-	.0:,&ZF:j-	2E-	20+,-	=:j-	=9-	20+,&ZFH20787gI,+,381,-	=N:
P
-	'QFH-\:j-	201,-	=
¯20&ZFH-	+/oD+h+LI,=ﬀ-	20+,-?=920465QFH203-?YyI,D=91,+LI,+,3878)3.020465J20&ZFkV<%20+#­h-	=9'L7B;*.1,-	&
z
=9-	20-	46'L&9=H;*I,78-	&20&ZFka
1<;*&9&J&9-	5,=J&9n,2GFHRvA"20+,'L.0203-
z
=9-	20-	46'*-Ł207878-	=-	20+-	=95<m*.GFH+,20& b/a +<;*5,- 1 &9DfA"20- c/a +<;*5,- 0 5<;*:j-	+WV
¡
D.0465,-
z
=9-	20-	46'*-.;*&9&9-	+J&920465K207
z
=9-	20-	46'L&9=H;*I,7 +LI,=U&9-	5,=(&9465,.0-	465QFﬁoD+,-	20+<;*+,1,-	=UI,+QFH-	=9&9465,-	201,-	+WV
z
-	&$O
5<;*.0:AU-	=91,-	+Was;*+<;*.0D3ŁR	Is;*.01,-	&-vF8;*.qVﬁ$fQa;*.0.0-
z
=9-	20-	46'*-h782GF b/a > 0.9 ;*I,&1,-	+[^D.03-	+,1,-	+
cU-vFH=H;*465QFHI,+,3-	+Ł;*I,&93-	&9465,.0D&9&9-	+WV
_.0&\+<m*465,&ZFH-	&{AU-	=91,-	+p1,20-J:j-	201,-	+
z
=9-	20-	46'L&9=Hm*I,78-/+<;*465201,-	+QFH20&9465,-	+pCI,+,'QFH-	+p20+,+,-	=95<;*.0:~-	20+,-	&
ED.0-	=H;*+,R	=H;*1,20I,&  1,I,=9465,&9I,465QFkVEs;*.01,-	&S-vF\;*.qVs$fQo-	=ZAU-	+,1,-	+1<;*:j-	2'*D7878-	+QF6;*=9.0D&-	20+,-	+

-	=ZF
oD+  = 0.002 Vel+QFH-	=1,-	=_+,+<;*5,78-*ae1<;*&9&1,20-(CI,+,'QFH-ﬁ1,-	&?;eF6;*.0D3eO
z
=9-	20-	46'L&9=H;*I,78-	&[^-	5,.0-	=Z[^=9-	2&920+,1Wa
&9n,20-	3-	.GF1,20-	&9-	=C;*=H;*78-vFH-	="1<;*&7B;®X`207B;*.y-	=9.;*I,:`FH-?-	=95<m*.GFH+,20&";*I,&­h-	&9&93-	+<;*I,203'*-	2GF-	20+,-	&CI,+,'QFH-	&
I,+,1#?;*+QFH-	+,.m*+,3-?1,-	="3=9)@*FH-	+
¡
-	2GFH-1,-	&
z
=9-	20-	46'L&"A"201,-	=	a,A"20-207|<D.03-	+,1,-	+/3-	R	-	203*FﬁA"20=91WV
z
20-JCED&92GFH20D+,&9I,+,&920465,-	=95,-	2GF{-	20+,-	&{cU20.01,n,I,+,'QFH-	& P &9-	2 mP Vl+QFH-	=g1,-	=g_+,+<;*5,78-*a1<;*&9&{1,20-JCEDeO
&92GFH20D+,&978-	&9&9I,+,3K20+T:j-	201,-	+dcU20.01,'*DD=91,20+<;eFH-	+,=920465QFHI,+,3-	+#3.0-	20465T3-	+<;*Id;*=9:j-	2GFH-vFkaj-	=9320:`F&920465T[^],=1,-	+
|<-	5,.0-	=ﬁ20+/-	20+,-	=t"20465QFHI,+,3
mx = my =
mP√
2
. qV Q
z
20-?¯m*+,3- s -	20+,-	=
z
=9-	20-	46'L&9&9-	2GFH-\;*I,&ﬁRvAU-	2ECI,+,'QFH-	+h782GFﬁ1,-	+#cU20.01,'*DD=91,20+<;eFH-	+d x1 a y1 UI,+,1 x2 a y2 
:j-	=9-	465,+,-vF&920465hR	I
s =
√
(x1 − x2)2 + (y1 − y2)2. qV Q
z
-	=g|<-	5,.0-	= ms 1,20-	&9-	=
¡
-	2GFH-	+,.m*+,3-820&ZFSI,+QFH-	=\1,-	=\_+,+<;*5,78-83.0-	20465,-	=\­h-	&9&9I,+,&920465,-	=95,-	2GFH-	+ mP [^],=
;*.0.0-CI,+,'QFH-S],:j-	="1<;*&|<-	5,.0-	=Z[^D=ZFHnﬁﬀ;*+,R	I,+,3&93-	&9-vFHRS3-	3-	:j-	+h1,I,=9465
ms =
√(
∂s
∂x1
)2
m2x +
(
∂s
∂x2
)2
m2x +
(
∂s
∂y1
)2
m2y +
(
∂s
∂y2
)2
m2y. qV ﬃﬂ
­h2GF>.qVV Q\.m*&9&ZF&920465h1,-	="_I,&91,=9I,46'J[^],= ms o-	=9-	20+`[ﬂ;*465,-	+#R	I
ms = mP . qV Q
z
20-J;*I,& ms =9-	&9I,.GFH20-	=9-	+,1,-	+|<-	5,.0-	= mxD I,+,1 myD [^],=\1,20-JDD=91,20+<;eFH-	+1,-	&g782GF{>.qVEV 
 
;*I`[^3-O
&9n<;*+,+QFH-	+
z
=9-	20-	46'L&9=H;*I,78-	&"AU-	=91,-	+h-	:j-	+`[ﬂ;*.0.0&(],:j-	="1<;*&"|<-	5,.0-	=Z[^D=ZFHnﬁﬀ;*+,R	I,+,3&93-	&9-vFHRS:j-	&ZFH20787\Fka`;*.0&9D
mxD =
√(
∂xD
∂a
)2
m2s +
(
∂xD
∂b
)2
m2s =
√
b2
a4
m2s +
1
a2
m2s und
myD =
√(
∂yD
∂a
)2
m2s +
(
∂yD
∂c
)2
m2s =
√
c2
a4
m2s +
1
a2
m2s. qV Q
 
$
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e
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 
ﬂ
z
-	=|<-	5,.0-	=ﬁ-	20+,-	&CI,+,'QFH-	&207
z
=9-	20-	46'L&9=H;*I,7 mD 20&ZF"3-	3-	:j-	+#;*.0&
mD =
√
m2xD +m
2
yD
. qV ﬂ
°

­h2GF>.qVV gI,+,1TV {-	=9320:`F"&920465
mD =
√
2a2 + b2 + c2
a4
m2P qV ﬂ®
z
20-#D:j-	=9-T>=9-	+,R	-  [^],= mD A"20=91207u|;*.0.0-K-	20+,-	&B3.0-	20465,&9-	2GFH203-	+
z
=9-	20-	46'L&	a(;*.0&9D[^],= a = b = c
-	=9=9-	20465QFka&9D1<;*&9&320.GF
mD < 2
mP
a
≡ . qV ﬂ
z
;*&:j-	1,-	I`FH-vFka
P
-\'L.0-	20+,-	=1,20-g­h-	&9&9I,+,&920465,-	=95,-	2GF1,-	=
z
=9-	20-	46'L&9n,I,+,'QFH-20&ZF:,RvA?V
P
-\.m*+,3-	="1,20-
¡
-	2GFH-	+
-	20+,-	&
z
=9-	20-	46'L&&920+,1Wa,1,-	&ZFHD8'L.0-	20+,-	=ﬁ20&ZF;*I,465#1,-	=|<-	5,.0-	=(207
z
=9-	20-	46'L&9=H;*I,7hV
l7 '*D+,'L=9-vFH-

-	=ZFH-([^],=  ;*+,3-	:j-	+R	I'*)+,+,-	+WaQ20&ZF-	&R	I,+<m*465,&ZFU+,D*FbAU-	+,1,203,a-	20+,-(_+,3Q;*:j-([^],=1,20-
7B;®X`207B;*.<R	IK-	=ZA(;*=ZFH-	+,1,-S­h-	&9&9I,+,&920465,-	=95,-	2GF mP R	IJ<+,1,-	+WV`wb5,=

-	=ZFﬁ&9D.0.GFH-"I,+QFH-	=ﬁ;*.0.0-	+Jl78&ZF6m*+,1,-	+
3=9)@-	={;*.0&\F6;eFH&Hm*465,.020465;*I`[iFH=9-vFH-	+,1,-h­h-	&9&Z[^-	5,.0-	={&9-	20+WaI,7[^-	5,.0-	=95<;e[iFH-/YyI,D=91,+LI,+,3-	+78)3.020465,&ZFgR	I
o-	=978-	201,-	+WVjcU-	21,-	+#20+/1,-	="-	=91,3-	:,I,+,1,-	+,-	+Ł_&ZFH=9D78-vFH=920-],:,.020465,-	=ZAU-	20&9-o-	=ZAU-	+,1,-vFH-	+Ł_:,:,20.01,I,+,3&$O
7B;*@&ZF6m*:j-	+oD+~-vFbA(;#1,-	=\5<;*.0:j-	+M;*.0:QAU-	=ZFH&9:,=9-	2GFH-B1,-	&
¡
-	-	20+,3eO
¡
465,-	20:j465,-	+,&
P
-BC2áX`-	.s'e;*+,+1<;koD+
;*I,&93-	3Q;*+,3-	+SAU-	=91,-	+Wae1<;*&9&1,20-207
¡
I,:,n,2áX`-	.0:j-	=9-	20465g;*=9:j-	2GFH-	+,1,-	+g­h-	&9&9=9DI`FH20+,-	+/io3.qVf_:,&9465,+,2GF9FV µQ
2qVE_.0.03,VECED&92GFH20D+,&9I,+,&920465,-	=95,-	2GFH-	+.020-v[^-	=9+AU-	=91,-	+Wa1,20-B'L.0-	20+,-	=g;*.0&\1,-	=g20+-	20+,-	7C2áX`-	.(;*:,3-	:,20.01,-vFH-

20+,'*-	.&920+,1WV<%20+,-?_+,+<;*5,78-oD+
mP =
kP
f
qV ﬂ*µQ
;*.0&7B;®X`207B;*.0-R	I#-	=ZA(;*=ZFH-	+,1,-­h-	&9&9I,+,&920465,-	=95,-	2GF782GF kP ;*.0&?;*+QFH-	+,.m*+,3-S-	20+,-	&C2áX`-	.0&&9DfA"20- f ;*.0&
cU=9-	+,+QAU-	2GFH-S1,-	&E-	.0-	&9'*Dn,&&9465,-	20+QF&9D782GFﬁ.0-	32GFH207hV
|],=1,20-('L.0-	20+,&ZFH-ﬁ&920+,+QoD.0.0-
z
=9-	20-	46'L&9&9-	2GFH-	+,.m*+,3- a ;*I,&s>.qVQV ﬂa*1,20-ﬁ-	:j-	+`[ﬂ;*.0.0&R	I,=
z
-v<+,2GFH20D+goD+
 :j-	+,)*FH203*FﬁA"20=91Wa,320:`Fﬁ-	&RvAU-	2YjA(;*+,3&9:j-	1,20+,3I,+,3-	+W
V
¡
20-"&9D.0.GFH-('L],=9R	-	=U;*.0&-	20+83=9D@-	=E-	20.;*.0.0-	=1,-	+,'L:<;*=9-	+
¡
-	2GFH-	+,.m*+,3-	+&9-	20+WaQ1<;*782GF+,20465QFUR	Io20-	.0-
z
=9-	20-	46'*-g;*I,&"1,-	=cU-vFH=H;*465QFHI,+,3B;*I,&93-	&9465,.0D&9&9-	+#AU-	=91,-	+WV
V
¡
20-{&9D.0.GFH-\I,7 -	20+Ł20-	.G[ﬂ;*465,-	&.m*+,3-	=;*.0&1,20-8­h-	&9&9I,+,&920465,-	=95,-	2GF\&9-	20+WaW1<;*782GFR	I`[ﬂm*.0.0203-gYyI,D=91O
+LI,+,3-	+#RvA"20&9465,-	+#:j-	201,-	+
z
=9-	20-	46'L&9=Hm*I,78-	+#7820+,207820-	=ZFAU-	=91,-	+WV
YyI,7 YjAU-	46'1,-	=E­#;®X`207820-	=9I,+,3ﬁ78)3.020465,-	=y201,-	+QFH20&9465,-	=CI,+,'QFH-s&9D.0.GFH-1,-	='L.0-	20+,-	=9-1,-	=:j-	201,-	+?&920465S;*I,&
1,20-	&9-	+{cU-	1,20+,3I,+,3-	+{;*:,.0-	2GFH-	+,1,-	+

-	=ZFH-s[^],=  o-	=ZAU-	+,1,-vFAU-	=91,-	+Wa;*I,465\AU-	+,+{1<;*:j-	2L78)3.020465,-	=ZAU-	20&9-
1,20-
P
-vAU-	20.0&";*+,1,-	=9-ScU-	1,20+,3I,+,3{o-	=9.0-vFHRvFA"20=91WV
_.0&8_:,&9465<meFHR	I,+,3~[^],=81,20-#'L.0-	20+,&ZFH-h&920+,+QoD.0.0-
z
=9-	20-	46'L&9&9-	2GFH-	+,.m*+,3-#+<;*465rcU-	1,20+,3I,+,3¦$®{'e;*+,+
1,-	=­h2GF9FH-	.GAU-	=ZF;*.0.0-	=(78)3.020465,-	+/_:,&ZF6m*+,1,-\RvA"20&9465,-	+T1,-	+T%46'Ln,I,+,'QFH-	+Ł3-	.GFH-	+WV
z
;-	20+,-\;*.0.03-	78-	20+,-
_:,.0-	2GFHI,+,3"1,-	&;*=92GFH5,78-vFH20&9465,-	+\­h2GF9FH-	.0&W[^],=-	20+,-_:,&9465<meFHR	I,+,3R	Ig;*I`[iA(m*+,1,203"20&ZFkaf&9D.0.Q&ZF6;eF9FH1,-	&9&9-	+g1<;*&

I<;*1,=H;eFH20&9465,-"­h2GF9FH-	.Wﬂt­
¡
E;*.0&
¡
465<meFHRvAU-	=ZF1,20-	+,-	+WVQ>=9I,+,1,.;*3-[^],=1,20-U_:,&9465<meFHR	I,+,3&9D.0.Q[^D.03-	+,1,-	&
¡
R	-	+<;*=920D&9-	20+W
z
;*&cU20.01`[^-	.01B-	20+,-	=
z
OZ­#;eFH=92áXJA"20=91/20+ ZX × ZY = N 3.0-	20465K3=9D@-  I<;*1,=H;eFH20&9465,-
Yy-	.0.0-	+~782GF\1,-	={?;*+QFH-	+,.m*+,3- g = CCDX/ZX = CCDY /ZY I,+QFH-	=ZFH-	20.GFkaE20+~1,-	=9-	+pYy-	+QFH=9I,7&920465
P
-vAU-	20.0&-	20+,-	=oD+ N njD*FH-	+QFH20-	.0.0-	+
z
=9-	20-	46'L&9n,I,+,'QFH-	+~:j-v<+,1,-	+&9D.0.qV
z
20-g_+,Rk;*5,. L ;*.0.0-	=78)3.020465,-	+
-	=9:,20+,1,I,+,3&9.020+,20-	+KRvA"20&9465,-	+T1,20-	&9-	+#CI,+,'QFH-	+#-	=9320:`F"&920465h],:j-	=
L =
N(N − 1)
2
=
ZXZY (ZXZY − 1)
2
. qV ﬂ
 

 
	

 
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z
20-
¡
I,7878- S ;*.0.0-	=  I<;*1,=920-	=ZFH-	+
¡
-	2GFH-	+,.m*+,3-	+K.m*&9&ZF&920465h:j-	=9-	465,+,-	+#782GF
S =
g2
2
ZX∑
i=1
ZY∑
j=1
ZX∑
k=1
ZY∑
l=1
(
(i− k)2 + (j − l)2)
=
g2Z2XZ
2
Y (Z
2
X + Z
2
Y − 2)
12
. qV ﬂ
:j-	=
z
2Go20&920D+T1,I,=9465 L I,+,1t;*1,20R	20-	=9-	+T-	=9320:`F&920465Ł1<;*&  I<;*1,=H;eFH20&9465,-8­h2GF9FH-	. M ;*.0.0-	=78)3.020465,-	+
¡
-	2GFH-	+,.m*+,3-	+/R	I
M =
√
g2ZXZY (Z2X + Z
2
Y − 2)
6(ZXZY − 1) . qV ﬂ*Q
l+QFH-	=cU-	=9],46'L&920465QFH203I,+,381,-	="3-	D78-vFH=920&9465,-	+#cU-	R	20-	5LI,+,3-	+#.m*&9&ZF"&920465T>.qV<V ﬂ*{I,7[^D=978-	+KR	I
M =
1√
6
√
(CCDX − CCDY )2
N − 1 + CCD
2
X + CCD
2
Y . qV ﬂﬂ
z
-	=%20+ﬁﬀ<I,&9&1,-	&-	=9&ZFH-	+E-	=978&I,+QFH-	=1,-	=

I,=9R	-	.,20+>.qVV ﬂﬂ20&ZF207 -	=95<m*.GFH+,20&R	I{1,-	+8;*+,1,-	=9-	+{:j-	2áO
1,-	+BE-	=978-	+B3-	=920+,3,V
z
;*&FH=92 jF20+,&9:j-	&9D+,1,-	=9-1<;*+,+8R	IWaQAU-	+,+J1<;*&
¡
-	2GFH-	+Qo-	=95<m*.GFH+,20& CCDX/CCDY a
A"20-ﬁ:j-	2 
z
OZ­#;eFH=920R	-	+8],:,.020465Wae+<;*5,-ﬁ.020-	3*FI,+,11,20-(_+,Rk;*5,.,1,-	=
z
=9-	20-	46'L&9n,I,+,'QFH-3=9D@20&ZFkV
z
-	&95<;*.0:
'e;*+,+T>.qV<V ﬂﬂ\o-	=9-	20+`[ﬂ;*465QFAU-	=91,-	+#R	I
M ≈
√
CCD2X + CCD
2
Y
6
. qV ﬂ*Q
z
;*&

I<;*1,=H;eFH20&9465,-­h2GF9FH-	.;*.0.0-	=
z
=9-	20-	46'L&9&9-	2GFH-	+,.m*+,3-	+Ł-	+QFH&9n,=920465QFS;*.0&9DB-vFbA(; 1/
√
6 ≈ 2/5 1,-	=cU20.01O
[^-	.01,1,2;*3D+<;*.0-*V
z
20-ﬁ¯m*+,3-ﬁ1,-	='L.0-	20+,&ZFH-	+&920+,+QoD.0.0-	+
z
=9-	20-	46'L&9&9-	2GFH-"+<;*465BcU-	1,20+,3I,+,38$®E-	+QFH&ZFH-	5QF(;*I,&
1,-	=­hI,.GFH20n,.020'e;eFH20D+8oD+ M 782GFﬁ1,-	7_:,:,20.01,I,+,3&97B;*@&ZF6;*:Wa,1WV 5WV
a =
kP
f
2
5
√
CCD2X + CCD
2
Y . qV ﬂ*Q
YyI,&H;*7878-	+/782GF>.qV<V ﬂ*µ{20&ZF"+<;*465#cU-	1,20+,3I,+,3#$®(&9D782GF
 ≤ 5√
CCD2X + CCD
2
Y
qV 
°

R	Ih&9-vFHR	-	+WV
|],=1,20-cU-	=9-	465,+LI,+,3#1,-	='L.0-	20+,&ZFH-	+d&920+,+QoD.0.0-	+
z
=9-	20-	46'L&9&9-	2GFH-	+,.m*+,3-+<;*465cU-	1,20+,3I,+,3qa;*.0&9D
-	20+,-	720-	.G[ﬂ;*465,-	+1,-	=­h-	&9&9I,+,&920465,-	=95,-	2GFka5<;eFg&920465;*I,465p;*I`[^3=9I,+,1~-	203-	+,-	=g-	78n,20=920&9465,-	=gl+QFH-	=9&9IO
465LI,+,3-	+p-	20+|;*'QFHD=\oD+¦
°°°
:j-vA(m*5,=ZFkV

20=91~20+>.qVV ﬂ a = 1000mP 3-	&9-vFHRvFka&9DŁ-	=9320:`Fg&920465
1<;*782GF";*I,465h1,-	=":j-	=9-	2GFH&"-	=ZA(m*5,+QFH-*a<oD+/s;*.01,-	&"-vF;*.qV$fQsn,I,:,.020R	20-	=ZFH-

-	=ZFﬁoD+
 ≤ 0.002. qV `®
_I,&D,V ;`Vy>=9],+,1,-	+T&9D.0.GFH-[^],=  1<;*&­h20+,207gI,7 ;*I,&1,-	+d>.qVjV 
°
I,+,1uV `?o-	=ZAU-	+,1,-vFAU-	=91,-	+Wa
;*.0&9D
 = min
(
5√
CCD2X + CCD
2
Y
; 0.002
)
. qV Q
>-	3-	+L],:j-	=g1,-	=g+<;*5,-	.020-	3-	+,1,-	+~D=93-	5,-	+,&ZAU-	20&9-K:j-	2U1,-	=
¡
I,465,-K+<;*465201,-	+QFH20&9465,-	+pCI,+,'QFH-	+20+
:j-	201,-	+
z
=9-	20-	46'L&9=Hm*I,78-	+Ł],:j-	=1,20-
z
2 y-	=9-	+,R	:,20.01,I,+,3
P
-	1,-	&-	20+,R	-	.0+,-	+ŁCI,+,'QFH-	&1,-	&-	20+,-	+
z
=9-	20-	46'L&$O
=H;*I,78-	&sR	I
P
-	1,-	7x-	20+,R	-	.0+,-	+820+81,-	7ﬀ;*+,1,-	=9-	+Wa'e;*+,+81,-	=Ut"-	465,-	+<;*I`[iA(;*+,1Bo-	=9=920+,3-	=ZFsAU-	=91,-	+Wa20+,1,-	7
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1,-	="Dn`FH20&9465,-	+#_ﬁ465,&9-\;*:QAU-	20465QFkV
_:,5<m*+,3203?oD+J1,-	7ﬀl+QFH-	=9&9465,20-	1K1,-	=F6;eFH&Hm*465,.020465,-	+BR	IB1,-	+K;*+,3-	+,D7878-	+,-	+BDD=91,20+<;eFH-	+81,-	&s;*+O
3-	+QFH2;*.0n,I,+,'QFH-	&SI,+,1doD7_:,&ZF6;*+,11,-	&S:j-vFH=H;*465QFH-vFH-	+CI,+,'QFH-	&SoD7 ;*+,3-	+QFH2;*.0n,I,+,'QFS'e;*+,+-	&SR	I
&9203+,2G<'e;*+QFH-	+~|<-	5,.0-	=9+782GF?&9DfAUD5,.s.020+,-k;*=9-	+;*.0&S;*I,465

I<;*1,=H;eFH20&9465,-	+~E-	=978-	+20+1,-	+
¡
F6;*+,1<;*=91,'*DeO
D=91,20+<;eFH-	+±'*D7878-	+WV
z
20-#.020+,-k;*=9-	+±_+QFH-	20.0-h&9465,.;*3-	+¦&920465±oD.0.0&ZF6m*+,1,20320+±-	20+,-	=8-	=Hm*+,1,-	=9I,+,31,-	&
C=9D
P
-	'QFH20D+,&97B;*@&ZF6;*:j-	&J+,20-	1,-	=	aA(m*5,=9-	+,1

I<;*1,=H;eFH20&9465,-T1,I,=9465r1,20-

;*5,.3-	-	203+,-vFH-	=JE=H;*+,&Z[^D=97B;®O
FH20D+,&93.0-	20465LI,+,3-	+^&920-	5,-/I,+QFH-	+{;*I`[^3-v[ﬂ;*+,3-	+AU-	=91,-	+±'*)+,+,-	+WVs£;*465
¡
465,20.01,'L+,-	465QFŁ$f
 
\-	=9320:`F
&920465h[^],="-	20+#N:
P
-	'QF207 _:,&ZF6;*+,1hoD+
◦
oD7 ;*+,3-	+QFH2;*.0n,I,+,'QF"I,+,1#-	20+,-	+#|<-	5,.0-	="20+/1,-	&9&9-	+Łt"20465O
FHI,+,3oD+
°
′
-	20+

I<;*1,=H;eFH20&9465,-	=|<-	5,.0-	=H;*+QFH-	20.yoD+fµ*7B;*&(20+/1,-	=N:
P
-	'QFHnjD&92GFH20D+WV

	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£;*465S1,-	7 _:,&9465,.0I,&9&1,-	=E=H;*+,&Z[^D=97B;eFH20D+.020-	3-	+?1,20-sCED&92GFH20D+,-	+?1,-	=E+,-	I,-	+{N:
P
-	'QFH-s-	:j-	+`[ﬂ;*.0.0&20+
¡
F6;*+,1<;*=91,'*DD=91,20+<;eFH-	+KoD=	V<|],=ﬁ-	20+,-?l78=9-	465,+LI,+,3820+0

I<;eFHD=92;*.0'*DD=91,20+<;eFH-	+B20&ZF"-	20+,-l78'*-	5,=9I,+,3
1,-	=>.qVV µ{-	=Z[^D=91,-	=9.020465WV
z
20-S¯)&9I,+,381,-	&>.0-	20465LI,+,3&9&

&ZFH-	78&-	=9320:`F
αR = arctan
(
X
cos δT − Y sin δT
)
+ αT und
δR = arctan
 sin δT + Y cos δT√
X2 + (cos δT − Y sin δT )2
 . qV    
243653 2

AC: > 9
	OJ=AC>8HK9;: GIH 9L?BACG;:
z
20-

;*5,."-	20+,-	&83-	-	203+,-vFH-	+±E=H;*+,&Z[^D=97B;eFH20D+,&978D1,-	.0.0&g20&ZF8-	&9&9-	+QFH20-	.0."[^],=81,20-T>-vA"20+,+LI,+,3n,=Hm*R	20&9-	=
1,2 y-	=9-	+QFH20-	.0.0-	=CED&92GFH20D+,-	+T;*I,& 
z
Ob_I`[^+<;*5,78-	+WVy_:,5<m*+,32038oD+T1,-	+T_I`[^+<;*5,78-	I,78&ZF6m*+,1,-	+Ł7gI,&9&
-	&B+,-	:j-	+1,-	=8R	I=9-k;*.020&920-	=9-	+,1,-	+p_:,:,20.01,I,+,3d1,-	&JcU20.01OS;*I`[1<;*&
¡
F6;*+,1<;*=91,'*DD=91,20+<;eFH-	+,&

&ZFH-	7ha207
|<D.03-	+,1,-	+;*I,465'LI,=9RB;*.0&SM;*I,n`F6;*I`[^3Q;*:j-:j-	R	-	20465,+,-vFka;*I,46520+d1,-	=\¯;*3-&9-	20+Wa],:j-	=S1,-	=g>-	+<;*I,203eO
'*-	2GFH&93=9-	+,R	-?.020-	3-	+,1,-*a+,20465QFﬁ'*D=9=920320-	=ZFH-:,RvA?V,+,20465QFﬁ'*D=9=920320-	=9:<;*=9-|<-	5,.0-	=9-	20+ﬁﬀ<],&9&9-;*I`[^R	I`[ﬂ;*+,3-	+WaA(;*&
207 |<D.03-	+,1,-	+p;*.0&£-	:j-	+<;*I`[^3Q;*:j-/:j-	R	-	20465,+,-vF8A"20=91WVwb+p1,-	=_&ZFH=9D78-vFH=920-BAU-	=91,-	+1<;*R	IoD=9=H;*+,3203
CED.

+,D78-o-	=ZAU-	+,1,-vFkaj1,-	=9-	+TD-v8R	20-	+QFH-	+~^5,20-	=	<C.;eF9FH-	+,'*D+,&ZF6;*+QFH-	+(+<;*465h1,-	="_=ZF"1,-	="1,I,=9465,R	IO
[^],5,=9-	+,1,-	+TNnj-	=H;eFH20D+,-	+K;*I,&93-vA(m*5,.GF(AU-	=91,-	+WV,wb7 |<D.03-	+,1,-	+BAU-	=91,-	+h1,20-A"20465QFH203&ZFH-	+/%20+ﬁﬀ<],&9&9-?;*I`[
1,20-E=H;*+,&Z[^D=97B;eFH20D+ŁR	I,&H;*7878-	+,3-	&ZFH-	.0.GF?I,+,1
P
-8;*I`[(-	20+,-
z
;*=9&ZFH-	.0.0I,+,3h;*.0&?CED.

+,D7 R	I,=9],46'L3-v[^],5,=ZF
I,+,11<;*:j-	2
P
-vAU-	20.0&{;*.0.0-8],:,=9203-	+%  y-	'QFH-Jo-	=9+<;*465,.m*&9&9203*FkV
¡
n<meFH-	={20&ZF{;*I`[1,20-	&9-

-	20&9-J&9465,D+;*.0.0-	20+
;*+,5<;*+,1#1,-	=­hD1,-	.0.03.0-	20465LI,+,3-	+h&920465QFH:<;*=	a<AU-	.0465,-g%  y-	'QFH-\782GF"1,-	+#1,D=ZF"o-	=ZAU-	+,1,-vFH-	+C.;eF9FH-	+,'*D+O
&ZF6;*+QFH-	+ kj (j = 1 . . .m) ;*I`[^3-v[ﬂ;*+,3-	+/AU-	=91,-	+#'*)+,+,-	+WV
ﬀﬁﬂ
z
20-KE=H;*+,&9.;eFH20D+rﬂM;*I,n`F6;*I`[^3Q;*:j-f\:j-	&9465,=9-	20:`F8-	20+,-	+-	=9&H;eFHRK1,-	=l=9&9n,=9],+,3-/RvA"20&9465,-	+±cU20.01OI,+,1
¡
F6;*+,1<;*=91,'*DD=91,20+<;eFH-	+,&

&ZFH-	7hVs%={&9465,.m*3*F8;*.0.0-	20+~20+1,-	+p_:,&9D.0I`FH3.020-	1,-	=9+1,-	=E=H;*+,&Z[^D=97B;eFH20D+R	I
cUI,465,-*a1WV 5WV
X = k1 + x und
Y = k2 + y. qV Q

-	2GFH-	=95,20+&ZFH-	5,-	+B5,20-	= X, Y E[^],=1,20-
¡
F6;*+,1<;*=91,'*DD=91,20+<;eFH-	+Wa*A(m*5,=9-	+,1Ł x, y 1,20-ﬁ3-	78-	&9&9-	+,-	+JcU20.01O
'*DD=91,20+<;eFH-	+h=9-	n,=Hm*&9-	+QFH20-	=9-	+WV
ﬃ 
!ﬀ"#%$'&
­#;*@&ZF6;*:,&9I,+QFH-	=9&9465,20-	1,-{ﬂM;*I,n`F6;*I`[^3Q;*:j-fRvA"20&9465,-	+8:j-	201,-	+8DD=91,20+<;eFH-	+,&

&ZFH-	78-	+8.;*&9&9-	+&9204651,I,=9465
%20+`[^],5,=9I,+,38-	20+,-	&".020+,-k;*=9-	+h>.020-	1,-	&ﬁ1<;*=9&ZFH-	.0.0-	+Wa<;*.0&9D
X = k1x und
Y = k2y. qV Q
¡
20+,11,20-B­#;*@&ZF6;*:,&Hm*+,1,-	=9I,+,3-	+20+:j-	201,-	+DD=91,20+<;eFH-	+,=920465QFHI,+,3-	+3.0-	204653=9D@,a&9D#'e;*+,+ k1 = k2
3-	&9-vFHRvFAU-	=91,-	+WV
(
ﬁ)ﬀﬁﬂ
_:,:WV<VË
°
;SR	-	203*F(1,20-E=H;*+,&Z[^D=97B;eFH20D+,&9:j-	R	20-	5LI,+,3-	+B[^],=U-	20+,--	=91,=9-	5LI,+,3#ﬂM;*I,n`F6;*I`[^3Q;*:j-f1,-	=ﬁDeO
D=91,20+<;eFH-	+,&

&ZFH-	78-JI,7-	20+,-	+

20+,'*-	. ν 3-	3-	+,-	20+<;*+,1,-	=	V
z
20-
¡
F6;*+,1<;*=91,'*DD=91,20+<;eFH- XP -	=9320:`F\&920465
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xP
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n
yP,1
yP,2
XP,1
XP,2
YP
a b
x
X
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yP
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n
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xP
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YP1
YP2
XP
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0I,-,Q=+.- D 1:M+.-RK 1T:)YI,-)0/W68-)68C)
5=9H9;C)%1- 68/+.-M%M2/+.O @,C?),+.-SUI,-,5H/
P
XK 1T:)6>?9;/W68/21:9;-JI,O ),+.- 1-,5=+.T
ν
X,K 1T:) FK 1T:),M+.C2I,-,QRI,O )%1:+
 1-,5=+.T
ν1
I,-)
ν2
X I,CLF"+NMM+.C+.-?F"+.CM210/ﬀ I,C),+.- )%1:+ﬂﬁ Cﬃ =+.- ),+NM!0/W68-)68C)%5=9H9;C)%1- 68/+.-M%M2/+.O MUG2+
 +.1T:M
I,-0/+.CM2/2C21+.-YX
;*.0&
¡
I,7878-?;*I,& XP, 1 I,+,1 XP, 2 R	I
XP =
xP
cos ν
+ (yP − xP tan ν) sin ν
= xP cos ν + yP sin ν. qV ﬃﬂ
|],="1,20-?DD=91,20+<;eFH- YP 320.GF
YP = yP, 1 cos ν
= (yP − xP tan ν) cos ν
= −xP sin ν + yP cos ν. qV Q

-	=91,-	+#1,20-FH=9203D+,D78-vFH=920&9465,-	+h|<I,+,'QFH20D+,-	+h;*.0&CED.

+,D78'*D-v8R	20-	+QFH-	+h3-	&9465,=920-	:j-	+Waj&9D8-	=9320:`F"&920465
;*.0.03-	78-	20+
X = k1x+ k2y bzw.
Y = −k2x + k1y. qV Q
z
-	=-	=93.0-	20465782GF>.qVfV (R	-	203*Fka	1<;*&9&1,20-	&9-|<D=978-	.0+R	I,&HmeFHR	.020465?-	20+,-78)3.020465,-­#;*@&ZF6;*:,&H;*+,n<;*&9&9I,+,3
1,-	=cU20.01,'*DD=91,20+<;eFH-	+K2078n,.020R	20-	=9-	+WV
"
ﬀ!$# %	&'"#%$'&
z
20-DD=91,20+<;eFH-	+<;*465,&9-	+207
¡
F6;*+,1<;*=91,'*DD=91,20+<;eFH-	+,&

&ZFH-	7x&920+,1nj-	=
z
-v<+,2GFH20D+{D=ZFH5,D3D+<;*.,R	I,-	20+<;*+O
1,-	=	V
z
;/1<;*&ScU20.01,'*DD=91,20+<;eFH-	+,&

&ZFH-	7 -	20+ŁFH-	465,+,20&9465=9-k;*.020&920-	=ZFH-	&
¡

&ZFH-	71<;*=9&ZFH-	.0.GFkaW'e;*+,+d1,D=ZF?-	20+,-
&ZFH=9-	+,3-hN=ZFH5,D3D+<;*.02GF6meFS+,20465QF{oD=H;*I,&93-	&9-vFHRvFAU-	=91,-	+WV
¡
F6;eF9FH1,-	&9&9-	+p7gI,&9&{782GF\-	20+,-	={cU20.01,&9465,-	=9I,+,3
ﬂM;*I,n`F6;*I`[^3Q;*:j-fs3-	=9-	465,+,-vF"AU-	=91,-	+WV
z
I,=9465/1,20--	=ZAU-	+,1,I,+,3oD+ 
z
OZ­#;eFH=920R	-	+h;*+,&ZFH-	.0.0-oD+/|<DeO
FHDn,.;eF9FH-	+d-	+QFH&9465<m*=Z[iF\&9204651,20-	&9-	&\C=9D:,.0-	7
P
-	1,D465dAU-	&9-	+QFH.020465Wa1<;/1,-	=S|<-	=ZFH203I,+,3&9n,=9DR	-	&9&S%=9&ZFH-	=9-	=
20+1,20-	&9-	=8M20+,&920465QF'e;*I,7 ED.0-	=H;*+,R	-	+pR	I,.m*&9&ZFkV%&320:`F
P
-	1,D465pn,5

&920'e;*.020&9465,-h%  y-	'QFH-*aAU-	.0465,-h1,20-
CED&92GFH20D+,-	+1,-	=N:
P
-	'QFH-/-	20+,-	=\_I`[^+<;*5,78-J1,-	=H;*=ZFgo-	=Hm*+,1,-	=9+Wa1<;*&9&{-	&{-	20+,-	=gcU20.01,&9465,-	=9I,+,3d3.0-	20465O
'*D787\FkV
z
20- x Ob_ﬁ465,&9-S1,-	&cU20.01,'*DD=91,20+<;eFH-	+,&  &ZFH-	78&UAU-	20465,-?I,7 1,-	+

20+,'*-	. ν1 3-	3-	+/1,20- X Ob_ﬁ465,&9-
1,-	&
¡
F6;*+,1<;*=91,'*DD=91,20+<;eFH-	+,&

&ZFH-	78&;*:/^_:,:WVVË
°
:V

-	2GFH-	=95,20+SAU-	20465,-(1,20- y Ob_ﬁ465,&9-UI,7 1,-	+

20+,'*-	.
ν2 ;*:WV
z
20-
¡
F6;*+,1<;*=91,'*DD=91,20+<;eFH- XP 20&ZF"1<;*+,+h3-	3-	:j-	+h],:j-	=
XP = (xP + ∆X) cos ν1
= xP cos ν1 + yP sin ν2. qV 
°

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z
20-SDD=91,20+<;eFH- YP -	=9320:`F"&920465#;*.0&
¡
I,7878-?;*I,& YP, 1 I,+,1 YP, 2 R	I
YP = yP cos(ν1 + ν2) + xP sin ν1 + yP tan ν1 sin ν2
= xP sin ν1 + yP cos ν2. qV `®
%20+,-
z
;*=9&ZFH-	.0.0I,+,3/1,-	=?FH=9203D+,D78-vFH=920&9465,-	+d|<I,+,'QFH20D+,-	+;*.0&?CED.

+,D78'*D-v8R	20-	+QFH-	+.020-v[^-	=ZF1,20-8;*.0.03-O
78-	20+,-?|<D=97ha,;*.0&9D
X = k1x+ k3y und
Y = k2x+ k4y. qV Q
_+,3-	78-	=9'QF&9-	2qa*1<;*&9&1,20-	&9-"|<D=978-	.0+g;*I,4658-	20+,-
z
=9-	5LI,+,3?1,-	&sDD=91,20+<;eFH-	+,&

&ZFH-	78&"q>.qVV Qa*&9DfA"20-
RvAU-	2o-	=9&9465,20-	1,-	+,-­#;*@&ZF6m*:j-?20+K:j-	201,-	+#cU20.01,'*DD=91,20+<;eFH-	+,=920465QFHI,+,3-	+q>.qV<V QU2078n,.020R	20-	=9-	+WV
"
ﬀ!$#'"ﬀ&ﬂ$'&
z
20-ﬁ3-	+<;*I,-"cU-	D:<;*465QFHI,+,3&9=920465QFHI,+,3,aQ1WV 5WV1,20-ﬁ¯;*3-(1,-	&;*+,3-	+QFH2;*.0n,I,+,'QFH-	&	a20&ZF;*I,&D:j-	+{3-	+<;*+,+QFH-	+
>=9],+,1,-	+78-	20&ZF+LI,=+<m*5,-	=9I,+,3&ZAU-	20&9-":j-	'e;*+,+QFkV
z
20-U-	=ZAU-	+,1,I,+,3S-	20+,-	&;*+,3-	+,D7878-	+,-	+g;*+,3-	+`FH2;*.áO
n,I,+,'QFH-	&(;*+,&ZFH-	.0.0-ﬁ1,-	&A"20=9'L.020465,-	+85<;eFs1,20-	&9-	.0:j-	+8_I,&ZA"20=9'LI,+,3-	+J;*I`[W1,20-ﬁ:j-	=9-	465,+,-vFH-	+
¡
F6;*+,1<;*=91,'*DD=$O
1,20+<;eFH-	+Wa,;*.0&sA(m*=9-1,20-cU20.01,-	:j-	+,-.0-	20465QF(3-	3-	+K1,20-cU-	D:<;*465QFHI,+,3&9=920465QFHI,+,383-	+,-	203*FkV_.0.03-	78-	20+A"20=91
1,20-	&9-	=%  y-	'QF1<;*5,-	=;*.0&"cU20.01,+,-	203I,+,3/ﬂM;*I,n`F6;*I`[^3Q;*:j-fU:j-	R	-	20465,+,-vFkV
z
20-_I,&ZA"20=9'LI,+,3-	+K-	20+,-	&U'L.0-	20+,-	+K|<-	5,.0-	=9&U20+B1,-	+KDD=91,20+<;eFH-	+B1,-	&(;*+,3-	+QFH2;*.0n,I,+,'QFH-	&U-	=93-	:j-	+
&920465h],:j-	="1,20-_:,.0-	2GFHI,+,31,-	=>.qV<V µ{+<;*465h1,-	+ αT I,+,1 δT a;*.0&9D
dX =
∂X
∂αT
dαT +
∂X
∂δT
dδT
= − cos δT dαT + sin δT dαTY − cos δT dαTX2 − dδTXY bzw.
dY =
∂Y
∂αT
dαT +
∂Y
∂δT
dδT
= −dδT − sin δT dαTX − cos δT dαTXY − dδTY 2. qV µQ
:j-	=
¡
I,:,&ZFH2GFHI`FH20D+±1,-	=B'*D+,&ZF6;*+QFH-	+ _I,&91,=9],46'*-d1,I,=9465 h1 :,20& h3 .;*&9&9-	+¦&920465¦1,20-	&9-Ł>.0-	20465LI,+,3-	+
o-	=9-	20+`[ﬂ;*465QF1<;*=9&ZFH-	.0.0-	+h;*.0&
dX = h1 + h3Y + h2XY + h1X
2 und
dY = h2 − h3X + h1XY + h2Y 2. qV    
z
20-#cU-	=9-	465,+LI,+,3~1,-	= 0+,1,-	=9I,+,31,-	=
¡
F6;*+,1<;*=91,'*DD=91,20+<;eFH-	+;*I`[^3=9I,+,1p1,-	=BcU20.01,+,-	203I,+,3Ł-	=Z[^D=91,-	=ZF
1,-	78+<;*465S-	20+2GFH-	=H;eFH2Go-	&yD=93-	5,-	+WV
z
;ﬁ1,20-	&9-	=%  y-	'QF[^],= 
z
Ob_I`[^+<;*5,78-	+?+,D=97B;*.0-	=ZAU-	20&9-&9-	5,='L.0-	20+
20&ZFka<3-	+L],3*F-	20+hw¬FH-	=H;eFH20D+,&9&9465,=92GF9FkV
z
;*782GFﬁ.m*&9&ZF&920465h1,20-oD.0.0&ZF6m*+,1,203-?cU-	=9-	465,+LI,+,3J1,-	=
¡
F6;*+,1<;*=91,'*DeO
D=91,20+<;eFH-	+20+,'L.0I,&92Go-J1,-	=cU20.01,+,-	203I,+,3T20+-	20+,-	7
¡
465,=92GF9F{oD.0.0R	20-	5,-	+WV

-	+,+ Px(x, y) I,+,1 Py(x, y)
P
-vAU-	20.0&sCED.

+,D78-ﬁR	I,=scU-	=9-	465,+LI,+,3\1,-	=
¡
F6;*+,1<;*=91,'*DD=91,20+<;eFH-	+8;*I,&1,-	+JcU20.01,'*DD=91,20+<;eFH-	+gI,+QFH-	=-	=$O
+<;*465,.m*&9&9203I,+,31,-	=cU20.01,+,-	203I,+,3{1<;*=9&ZFH-	.0.0-	+Wa,&9DA"20=91/1,-	=%  y-	'QF1,-	=cU20.01,+,-	203I,+,3{],:j-	=
X = Px(x, y)− dX
= Px(x, y)− h1 − h3Py(x, y)− h2Px(x, y)Py(x, y)− h1Px(x, y)2 bzw.
Y = Py(x, y)− dY
= Py(x, y)− h2 + h3Px(x, y)− h1Px(x, y)Py(x, y)− h2Py(x, y)2 qV Q
:j-	=9],46'L&920465QFH203*FkV

m*=9-	+{;*.0.0-:,20&95,-	=-	=ZA(m*5,+QFH-	+8%  y-	'QFH-*aeA"20-sE=H;*+,&9.;eFH20D+S-vFH4*V*+,20465QFoD=95<;*+,1,-	+Wa*1<;*+,+
A"],=91,-3-	.GFH-	+ Px(x, y) = x I,+,1 Py(x, y) = y VQ%20+,-"1,-	7x=9-	20+,-	+B%  y-	'QFU1,-	=UcU20.01,+,-	203I,+,33-	+L],3-	+,1,-
   ,
ﬁ
 8 ﬁﬃ,{
   E 
EE B 
(
sﬃEZ!T! E

E=H;*+,&Z[^D=97B;eFH20D+g.020-	@-(&9204651<;*+,+I,+QFH-	=-	=ZAU-	+,1,I,+,3\1,-	=],:,.020465,-	+8£D*F6;eFH20D+g1,-	=sC.;eF9FH-	+,'*D+,&ZF6;*+QFH-	+
=9-k;*.020&920-	=9-	+h;*.0&
X = −k1 + x− k3y − k2xy − k1x2 und
Y = −k2 + y + k3x− k1xy − k2y2. qV Q
z
20-D+,&ZF6;*+QFH- k3 A"20=9'QF?1<;*:j-	2;*.0&3-	=920+,3-{t"D*F6;eFH20D+WV
z
20-

I<;*1,=H;eFH20&9465,-	+E-	=978-gAU-	=91,-	+;*.0&£-	2áO
3I,+,3&ZFH-	=978-?:j-	R	-	20465,+,-vFkV
 
ﬀ!$#$'&ﬂ " &"#
E-	465,+,20&9465B=9-k;*.020&920-	=ZFH-UDn`FH20&9465,-
¡

&ZFH-	78-"&920+,1+,20-(nj-	=Z[^-	'QFkVQ%20+,-"t"-	205,-UoD+8_:,:,20.01,I,+,3&Z[^-	5,.0-	=9+/i-	=$O
R	-	20465,+LI,+,3,a&9n,5<m*=920&9465,-{_:j-	=9=H;eFH20D+Way_&ZFH2037B;eFH20&97gI,&-vFH4*VË'*)+,+,-	+d1,20-g3-	78-	&9&9-	+,-	+CED&92GFH20D+,-	+Ł1,-	=
N:
P
-	'QFH-U:j-	-	20+ﬁﬀ<I,&9&9-	+WV
z
20-sD=9=9-	'QFHI,=E-	20+,203-	=%  y-	'QFH-U'e;*+,+S1,I,=9465\1,20-

;*5,.Q-	20+,-	&E3-	-	203+,-vFH-	+SE=H;*+,&$O
[^D=97B;eFH20D+,&9njD.

+,D78&"-	=Z[^D.03-	+ﬂ£-	:j-	+<;*I`[^3Q;*:j-fVW|],=1,20-g=H;*1,2;*.0-\D78njD+,-	+QFH-\1,-	=-	=9R	-	20465,+LI,+,3,a
1,-	=sD=ZFH&H;*:,5<m*+,3203-	+s;*=92;eFH20D+{1,-	&U_:,:,20.01,I,+,3&97B;*@&ZF6;*:,&	aQ&920+,18:,&9nQA?V1,20- 0+,1,-	=9I,+,3-	+J1,-	=UcU20.01,njDeO
&92GFH20D+,-	+/+<;*465
¡
-	-	:j-	=g$fQs3-	3-	:j-	+h1,I,=9465
dx = x(K0 +K1r
2 +K2r
4 +K3r
6) und
dy = y(K0 +K1r
2 +K2r
4 +K3r
6). qV ﬃﬂ
z
20-KD+,&ZF6;*+QFH-	+ K0 :,20& K3 AU-	=91,-	+p;*.0&S-	=9R	-	20465,+LI,+,3&9'*D-v8R	20-	+QFH-	+:j-	R	-	20465,+,-vFkaA(m*5,=9-	+,1 r 1,-	+
_:,&ZF6;*+,1d1,-	&cU20.01,n,I,+,'QFH-	&oD+Ł1,-	=Dn`FH20&9465,-	+d_ﬁ465,&9-hqYy-	+QFH=9I,7 1,-	=cU20.01,-	:j-	+,-fﬁA"20-	1,-	=9320:`FkVj£;*465
¯;*IXŁ$fQ&9D.0.GFH-	+
¡

&ZFH-	78-*a`1,-	=9-	+B-	=9R	-	20465,+LI,+,3{&9203+,2G<'e;*+QFH-D-v8R	20-	+QFH-	+K3=9)@-	=U;*.0&(N=91,+LI,+,3
r2 -	+QFH5<m*.GFka+,20465QF([^],=(;*&ZFH=9D78-vFH=920&9465,-YjAU-	46'*-?-	20+,3-	&9-vFHRvF(AU-	=91,-	+WV
z
-	&95<;*.0:JAU-	=91,-	+#>.020-	1,-	=s5,)5,-	=9-	=
N=91,+LI,+,3B207 |<D.03-	+,1,-	+Ko-	=9+<;*465,.m*&9&9203*FkV

-	2GFH-	=95,20+KA"20=91
r =
√
(x− x0)2 + (y − y0)2 qV Q
782GF x0 I,+,1 y0 ;*.0&I,+L:j-	'e;*+,+QFH-	+~cU20.01,'*DD=91,20+<;eFH-	+T1,-	&\Yy-	+QFH=9I,78&?1,-	=?cU20.01,-	:j-	+,-{3-	&9-vFHRvFkV

-	=91,-	+
;*.0.0-ﬁoD=95,-	=(:j-	5<;*+,1,-	.GFH-	+K%20+ﬁﬀ<],&9&9-203+,D=920-	=ZFkaQ&9Dg320.GF X = x−dx a Y = y−dy I,+,1J-	&U-	=93-	:j-	+K&920465
[^],="1,20-=H;*1,2;*.0--	=9R	-	20465,+LI,+,3JCED.

+,D78-1,-	=|<D=97
X = k1x + k2xy + k4xy
2 + k5x
2 + k4x
3 und
Y = k1y + k3xy + k4x
2y + k6y
2 + k4y
3. qV Q
z
20-	&9-	&>.0-	20465LI,+,3&9&

&ZFH-	7 A(m*=9-207
¡
F6;*+,1,-*a`-	=9R	-	20465,+LI,+,3-	+h1,-	=N=91,+LI,+,3 r2 3-	7Bm*@g1,-	=ﬁ-	20+,3Q;*+,3&
3-	&ZFH-	.0.GFH-	+|<D=91,-	=9I,+,3#oD+¯;*IXr$fQ?;*I`[^R	I`[ﬂ;*+,3-	+WV|],=\1,-	+%20+,&H;eFHRB20+~1,-	=g_&ZFH=9D78-vFH=920-8&920+,1
;*.0.0-	=91,20+,3&"n,=920+,R	20n,20-	.0.
¡

&ZFH-	78-\-	=9&ZFH=9-	:j-	+,&ZAU-	=ZFka1,-	=9-	+Ł3-	+LI`FHRvFH-	=cU-	=9-	20465T1,-	=cU20.01,-	:j-	+,-S207
¡
20+,+,-
1,-	=B­h-	&9&93-	+<;*I,203'*-	2GF[^=9-	2UoD+p_:,:,20.01,I,+,3&Z[^-	5,.0-	=9+20&ZFkV|],=g1,20-/;*'QFHI,-	.0.0-	+78D+,D.02GFH5,20&9465~=9-k;*.020&920-	=$O
FH-	+ 
z
OZ­#;eFH=92áXLO
z
2078-	+,&920D+,-	+207cU-	=9-	20465oD+~-	20+,203-	+~Yy-	+QFH2078-vFH-	=9+20&ZF\1,20-	&9-B|<D=91,-	=9I,+,3#5,-	I`FH-
1,I,=9465<;*I,&-	=Z[^],.0.0:<;*=	V`wb+#&9D.0465,-	+Ł|m*.0.0-	+K&920+,1#E=H;*+,&Z[^D=97B;eFH20D+,&H;*+,&HmeFHR	-?+<;*465Ł>.qVV +,20465QF=H;eFH&H;*7ha
AU-	20.1,20-S_+,Rk;*5,.1,-	=R	IŁ&9465<meFHR	-	+,1,-	+C;*=H;*78-vFH-	=I,+,+,)*FH203B-	=95,)5QFA"20=91Waj1WV 5WVj78-	5,=t"-v[^-	=9-	+,R	&ZFH-	=9+,-
R	I,=¯)&9I,+,38-	=Z[^D=91,-	=9.020465/&920+,1WV
(
" 

ﬀﬁﬂ " )"
%&s'e;*+,+oD=9'*D7878-	+WaL1<;*&9&s;*I`[^3=9I,+,18I,+,R	I,=9-	20465,-	+,1,-	=(wb+`[^D=97B;eFH20D+,-	+{R	I81,-	+J;eFH78D&9n,5<m*=920&9465,-	+BcU-O
1,20+,3I,+,3-	+ŁA(m*5,=9-	+,11,-	=S>-vA"20+,+LI,+,3/1,-	= 
z
Ob_I`[^+<;*5,78-1,20-{D=9=9-	'QFHI,=1,-	=?t"-v[^=H;*'QFH20D+,&9-  y-	'QFH-
+<;*465#_:,&9465,+,2GF9FV
 
VËg+,20465QFD1,-	=ﬁ+LI,="+<m*5,-	=9I,+,3&ZAU-	20&9-\1,I,=9465,3-v[^],5,=ZFAU-	=91,-	+#'e;*+,+WV<wb+/1,20-	&9-	7 |;*.0.
20&ZFﬁ-	&"78)3.020465WaL782GF(3-	-	203+,-vFH-	+/E=H;*+,&Z[^D=97B;eFH20D+,&9njD.

+,D78-	+B3-vA"20&9&9-?t"-	&ZFH-	20+ﬁﬀ<],&9&9-?1,-	="t"-v[^=H;*'QFH20D+
;*I`[^R	I`[ﬂ;*+,3-	+Jﬂ£-	:j-	+<;*I`[^3Q;*:j-fV®cU-vFHD+QFE&9-	2qaf1<;*&9&E;*I`[`1,20-	&9-

-	20&9-.0-	1,203.02046578D+,D465,=9D7B;eFH20&9465,-%  y-	'O
FH-s1,-	=t"-v[^=H;*'QFH20D+S:j-	=9],46'L&920465QFH203*FEAU-	=91,-	+{'*)+,+,-	+WV*CED&92GFH20D+,&9-	20+ﬁﬀ<],&9&9-*a®1,20-s;*I`[<1,-	=EI,+QFH-	=9&9465,20-	1,.020465,-	+
¯20465QF9[ﬂ;*=9:j-1,-	=N:
P
-	'QFH-:j-	=9I,5,-	+Wa<'*)+,+,-	+/782GF(1,20-	&9-	="­h-vFH5,D1,-n,=920+,R	20n,20-	.0.+,20465QFﬁ:j-	&9-	2GFH203*FUAU-	=91,-	+WV
*
	

 

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ﬀﬁ ﬂﬃ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¡
465,20.01,'L+,-	465QF{$f
 
s:j-	&ZFH20787\FH-1,-	+#%20+ﬁﬀ<I,&9&"1,-	&-	=9&ZFH-	+hE-	=978&ﬁoD+T>.qV<V
 
;*I`[1,20-;*+,3-	+O
FH2;*.0'*DD=91,20+<;eFH-	+J782GF
dX = −h[XZ − (1 +X2Z)X −XZYZY
+XZ(2 +X
2
Z)X
2 + YZ(1 + 2X
2
Z)XY +XZ(1 + Y
2
Z )Y
2] und,
dY = −h[YZ −XZYZX − (1 + Y 2Z )Y
+YZ(1 +X
2
Z)X
2 +XZ(1 + 2Y
2
Z )XY + YZ(2 + Y
2
Z )Y
2], qVG
°°

AUD:j-	2 h ;*.0.0-/'*D+,&ZF6;*+QFH-	+¦_+QFH-	20.0-h1,-	&B-	=9&ZFH-	+±E-	=978&J;*I,&K>.qVsV
 
&9I,:,&ZFH2GFHI,20-	=ZFkV_I,@-	=91,-	7 &920+,1
 XZ a YZ 1,20-ﬁ[^],=-	20+,-"_I`[^+<;*5,78--	:j-	+`[ﬂ;*.0.0&'*D+,&ZF6;*+QFH-	+B[^D=97B;*.0-	+
¡
F6;*+,1<;*=91,'*DD=91,20+<;eFH-	+81,-	&(Yy-	+,2GFH&	V

20-U:j-	21,-	=cU20.01,+,-	203I,+,3"&920+,1{;*I,465{1,20-	&9-(D=9=9-	'QFHI,=9-	+{1,-	=
¡
F6;*+,1<;*=91,'*DD=91,20+<;eFH-	+\&ZFH=9-	+,3+LI,=1,I,=9465
w¬FH-	=H;eFH20D+:j-	&ZFH20787g:<;*=	VL­h2GF-	20+,-	=o-	=93.0-	20465L:<;*=9-	+D=93-	5,-	+,&ZAU-	20&9-],:j-	=+LI,=-	20+,-	+8w¬FH-	=H;eFH20D+,&9&9465,=92GF9F
I,+,1´I,+QFH-	=K-	=9+<;*465,.m*&9&9203I,+,3p;*.0.0-	=J:,20&95,-	=9203-	+´%  y-	'QFH-d'e;*+,+´;*I,465 [^],=K1,20-dt"-v[^=H;*'QFH20D+,&9=9-	&ZFH--	20+
CED.

+,D7B;*I,&91,=9I,46'/;*+,3-	3-	:j-	+/AU-	=91,-	+WaI,+,1hRvA(;*=
X = k1 + k3x+ k4y + k6x
2 + k8xy + k10y
2 und
Y = k2 + k4x+ k5y + k7x
2 + k9xy + k11y
2. qVG
°
®
 
ﬂ)"ﬀ!" #'"#

"#& "  )"
 #$'&ﬂ ) "#" #ﬀ"  #'"	
 
z
-	=5,-	.0.0203'*-	2GFH&9I,+<;*:,5<m*+,3203-S_+QFH-	20.20+Ł1,-	=-	=Hm*+,1,-	=9I,+,3/1,-	=SN:
P
-	'QFHnjD&92GFH20D+,-	+d;*I`[^3=9I,+,1Ł1,-	=:j-O
3=9-	+,RvFH-	+¦¯;*1,I,+,3&ZFH=H;*+,&Z[^-	=9-v8R	20-	+,Rh1,-	& 
z
&Jm*I,@-	=ZF8&920465p20+-	20+,-	={-	=Hm*+,1,-	=9I,+,31,-	=J­#;*@&ZF6m*:j-
20+p:j-	201,-	+cU20.01,'*DD=91,20+<;eFH-	+,=920465QFHI,+,3-	+´io3.qV_:,&9465,+,2GF9FKVG®V
z
;1,20-0+,1,-	=9I,+,3-	+1,I,=9465<;*I,&BI,+O
&

7878-vFH=920&9465d&9-	20+d'*)+,+,-	+Wa7g],&9&9-	+R	I,=?cU-	=9],46'L&920465QFH203I,+,3h1,20-	&9-	&S%  y-	'QFH-	&?20+Ł1,-	=E=H;*+,&Z[^D=97B;eFH20D+
ﬂ£-	:j-	+<;*I`[^3Q;*:j-fURvAU-	2Wo-	=9&9465,20-	1,-	+,-g­#;*@&ZF6m*:j-o-	=ZAU-	+,1,-vFAU-	=91,-	+WV
z
-	=ﬁ-	+QFH&ZFH-	5,-	+,1,-\CED.

+,D7B;*I,&$O
1,=9I,46'K20&ZF"201,-	+QFH20&9465hR	IT>.qV<V `V
243653 8HK9;: GIH 9L?BACG;: G4J=>DCDC>
z
20-?l78&ZF6m*+,1,-1,-	=>-vA"20+,+LI,+,31,-	=
z
Ob_I`[^+<;*5,78-1,-v<+,20-	=9-	+/1<;*&ﬁ_I,&97B;*@{1,-	=ﬁ207xoD=H;*+,3-	3Q;*+O
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X = k1 + k3x+ k5y + k7xy + k9x
2 + k11y
2
Y = k2 + k4x+ k6y + k8xy + k10x
2 + k12y
2
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Q

-	3-	+d1,-	=3=9D@-	+T_+,Rk;*5,.R	IŁ:j-	&ZFH207878-	+,1,-	=C.;eF9FH-	+,'*D+,&ZF6;*+QFH-	+dI,+,1Ł1,-	=1,-	&95<;*.0:T[^],=-	20+,-g5,D5,-
:j-	=9:j-	&ZFH20787gI,+,3{+,)*FH203-	+B20-	.0Rk;*5,.W;*+/t"-v[^-	=9-	+,R	D:
P
-	'QFH-	+#-	203+,-vFﬁ&920465/1,20-g®fO$C;*=H;*78-vFH-	=$ObE=H;*+,&Z[^D=$O
7B;eFH20D+B+LI,=([^],=(&9-	5,=(3=9D@-cU20.01`[^-	.01,-	=	VL_.0.0-	=91,20+,3&s20&ZF(&920-20+J1,-	=ﬁ¯;*3-*a`1,20-cU20.01,+,-	203I,+,3S-	:j-	+,&9D{A"20-

I<;*1,=H;eFH20&9465,-%20+ﬁﬀ<],&9&9-1,-	=Ut"-v[^=H;*'QFH20D+8R	IB-	.0207820+,20-	=9-	+WV:j-	=91,20-	&s'e;*+,+B1,20-	&9-E=H;*+,&Z[^D=97B;eFH20D+;*I,465
%  y-	'QFH-S=9-	1,I,R	20-	=9-	+Wa1,20-?;*I`[1,-	=l+QoD.0.0'*D7878-	+,5,-	2GFﬁ1,-	&Dn`FH20&9465,-	+
¡

&ZFH-	78&":j-	=9I,5,-	+WV
z
20-®fO$C;*=H;*78-vFH-	=$ObE=H;*+,&Z[^D=97B;eFH20D+8A"20=91#;*I,465T;*.0&

I<;*1,=H;eFH20&9465,-S:,RvA?VE=H;*+,&Z[^D=97B;eFH20D+hVjN=91O
+LI,+,3B:j-	R	-	20465,+,-vFkV
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243653
 
>  ?BA   	=:=< J=>ﬀH*DC9L? ?B>: E;G;: ?B9;:@?B>:
cU-	2`1,-	=cU20.01,njD&92GFH20D+,&978-	&9&9I,+,3AU-	=91,-	+1,20-(DD=91,20+<;eFH-	+\1,-	=N:
P
-	'QFH-ﬁ782GFcU-	R	I,3?;*I`[1,-	+l=9&9n,=9I,+,3
1,-	&?cU20.01,'*DD=91,20+<;eFH-	+,&

&ZFH-	78&:j-	&ZFH20787\FkV
z
20-	&9-	=l=9&9n,=9I,+,3K.020-	3*F20+#-	20+,-	=%46'*-{1,-	=_I`[^+<;*5,78-*Vjwb7
_.0.03-	78-	20+,-	+T:j-	R	20-	5,-	+&920465d1,20-{DD=91,20+<;eFH-	+Ł1,-	&?;*+,3-	+QFH2;*.0n,I,+,'QFH-	&
P
-	1,D465+<m*5,-	=9I,+,3&ZAU-	20&9-8;*I`[
1<;*&Yy-	+QFH=9I,7 1,-	=(_I`[^+<;*5,78-*V,l7 -	20+,-	=(1,I,=9465/1,20-	&9-	+/l78&ZF6;*+,1K'L],+,&ZFH.020465/:j-vA"20=9'QFH-	+/cU20.01,+,-	203I,+,3
-	+QFH3-	3-	+,R	IQA"20=9'*-	+Wa&920+,11,20-BcU20.01,'*DD=91,20+<;eFH-	+ŁA(m*5,=9-	+,11,-	=gcU-	&ZFH20787gI,+,3h1,-	=gC.;eF9FH-	+,'*D+,&ZF6;*+QFH-	+
I,+,1K1,-	=U_:,.0-	2GFHI,+,3\1,-	=(£-	I,n,I,+,'QFHnjD&92GFH20D+J-	:j-	+`[ﬂ;*.0.0&U;*I`[1,-	+KcU20.01,782GF9FH-	.0n,I,+,'QFR	IK:j-	R	20-	5,-	+WV

-	+,+
 x˜ a y˜ 1,20-3-	78-	&9&9-	+,-	+cU20.01,'*DD=91,20+<;eFH-	+d-	20+,-	&gN:
P
-	'QFH-	&\&

7g:jD.020&920-	=9-	+dI,+,11,20-B>=9)@-1,-	= 
z
O
­#;eFH=92áXB20+8:j-	201,-	+
z
2078-	+,&920D+,-	+B3-	3-	:j-	+J20&ZFU1,I,=9465 CCDX aCCDY a1<;*+,+B.;*&9&9-	+J&920465J1,20-;*I`[1<;*&
Yy-	+QFH=9I,7 :j-	R	D3-	+,-	+#cU20.01,'*DD=91,20+<;eFH-	+ x a y U782GF
x = x˜− CCDX
2
y = y˜ − CCDY
2
qVG
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:j-	=9-	465,+,-	+WV
z
-	=ﬁ207 |<D.03-	+,1,-	+JoD=93-	&ZFH-	.0.GFH-_.03D=92GFH5,7gI,&s20&ZF"cU-	&ZF6;*+,1`FH-	20.W1,-	&"20+K_:,&9465,+,2GF9FVËg:j-	&9465,=920-	:j-O
+,-	+\2GFH-	=H;eFH2Go-	+?wb1,-	+QFH2G<'e;eFH20D+,&9n,=9DR	-	&9&9-	&E1,-	=Et"-v[^-	=9-	+,R	D:
P
-	'QFH-io3.qVk_:,:WVeVGfQV
¡
20+,1?1,20-wb1,-	+QFH2GF6meFH-	+
RvA"20&9465,-	+#-	20+,203-	+
¡
FH-	=9+,-	+#1,-	=ﬁ_I`[^+<;*5,78-I,+,1h1,-	&?;eF6;*.0D3-	&(],:j-	="1,-	+
z
=9-	20-	46'L&9=H;*I,7[^-	&ZFH3-	&ZFH-	.0.GF
AUD=91,-	+Wa&9D-	=Z[^D.03*F8;*+,5<;*+,1p1,20-	&9-	=+LI,+p1,20-/cU-	&ZFH20787gI,+,3d1,-	=8C.;eF9FH-	+,'*D+,&ZF6;*+QFH-	+1,-	&83-vA(m*5,.GFH-	+
E=H;*+,&Z[^D=97B;eFH20D+,&978D1,-	.0.0&	V
¡
D.0.GFH-	+h&920465#:j-	2E1,-	=;*+,&9465,.020-	@-	+,1,-	+TE=H;*+,&Z[^D=97B;eFH20D+h;*.0.0-	=N:
P
-	'QFH-g1,-	=
_I`[^+<;*5,78-K20+1<;*&
¡

&ZFH-	7 1,-	&?;eF6;*.0D3-	&g3=9D:j-KDD=91,20+<;eFH-	+<;*:QAU-	20465LI,+,3-	+p1,-	=t"-v[^-	=9-	+,R	D:
P
-	'O
FH-/-	=93-	:j-	+Wa&9Dd.020-	3-	+|<-	5,.0201,-	+QFH2G<'e;eFH20D+,-	+oD=I,+,11,-	={3-	&H;*7\FH-/C=9DR	-	&9&87gI,&9&{782GFg3-km*+,1,-	=ZFH-	+
C;*=H;*78-vFH-	=9+Wa<1WV 5WV;*+,1,-	=9-	+T?;eF6;*.0D3&ZFH-	=9+,-	+WaoD+hoD=9+h:j-	320+,+,-	+WV
z
20-gcU-	&ZFH20787gI,+,3J1,-	=C.;eF9FH-	+,'*D+,&ZF6;*+QFH-	+d-	=Z[^D.03*F+<;*465Ł1,-	=?­h-vFH5,D1,-g1,-	='L.0-	20+,&ZFH-	+ I<;*1,=H;eFH-*V
YyI,+<m*465,&ZFﬁA"20=91K1,20-D-v8R	20-	+QFH-	+,7B;eFH=92áX A :j-	&ZFH20787\FkV
¡
20-&9-vFHRvF"&920465/;*I,&(1,-	+/_:,.0-	2GFHI,+,3-	+J1,-	=ﬁcU-O
D:<;*465QFHI,+,3&93.0-	20465LI,+,3-	+WaL5,20-	=1,-	+B>.0-	20465LI,+,3-	+1,-	&3-vA(m*5,.GFH-	+E=H;*+,&Z[^D=97B;eFH20D+,&978D1,-	.0.0&(q>.qVVG
°

:,20&VG
°
Q Xi I,+,1 Yi  i = 1 . . . n aE[^],=g;*.0.0- n t"-v[^-	=9-	+,R	&ZFH-	=9+,-/+<;*4651,-	+C.;eF9FH-	+,'*D+,&ZF6;*+QFH-	+ kj
 j = 1 . . . m sA"20-[^D.03*FﬁR	I,&H;*7878-	+W
A =

∂X1/∂k1 ∂X1/∂k2 . . . ∂X1/∂km
∂X2/∂k1 ∂X2/∂k2 . . . ∂X2/∂km
V
V
V
V
V
V
V
V
V
V
V
V
∂Xn/∂k1 ∂Xn/∂k2 . . . ∂Xn/∂km
∂Y1/∂k1 ∂Y1/∂k2 . . . ∂Y1/∂km
∂Y2/∂k1 ∂Y2/∂k2 . . . ∂Y2/∂km
V
V
V
V
V
V
V
V
V
V
V
V
∂Yn/∂k1 ∂Yn/∂k2 . . . ∂Yn/∂km

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qVG
°
Q
z
-	=cU-	D:<;*465QFHI,+,3&Zo-	'QFHD= Y˜ -	+QFH5<m*.GF"1,20-:j-	=9-	465,+,-vFH-	+
¡
F6;*+,1<;*=91,'*DD=91,20+<;eFH-	+/1,-	=t"-v[^-	=9-	+,R	&ZFH-	=9+,-
Y˜ =
[
X1 X2 . . . Xn Y1 Y2 . . . Yn
]T
, qVG
°
Q
A(m*5,=9-	+,1#1,-	=C;*=H;*78-vFH-	=Zo-	'QFHD= β 1,20-?C.;eF9FH-	+,'*D+,&ZF6;*+QFH-	+#:j-	20+,5<;*.GFH-vFka,;*.0&9D
β =
[
k1 k2 . . . km
]T
. qVG
°

z
20-JcU-	=9-	465,+LI,+,3ToD+ β &ZFH-	.0.GFS1<;*&gYy20-	.1,-	=S_I,&93.0-	20465LI,+,3T1<;*=	V­h2GFgM20.G[^-{1,-	={>-vA"20465QFH&97B;eFH=92áX P
°
 	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z
2;*3D+<;*.07B;eFH=92áX<
P =

p1 0 . . . 0 0 0 . . . 0
0 p2 . . . 0 0 0 . . . 0
V
V
V
V
V
V
V
V
V
V
V
V
V
V
V
V
V
V
V
V
V
V
V
V
0 0 . . . pn 0 0 . . . 0
0 0 . . . 0 p1 0 . . . 0
0 0 . . . 0 0 p2 . . . 0
V
V
V
V
V
V
V
V
V
V
V
V
V
V
V
V
V
V
V
V
V
V
V
V
0 0 . . . 0 0 0 . . . pn

qVG®
'*)+,+,-	+±1,-	+±cU-	D:<;*465QFHI,+,3-	+±I,+QFH-	=9&9465,20-	1,.020465,-

-	=ZFH203'*-	2GFH-	+ pi R	I,3-	D=91,+,-vF8AU-	=91,-	+Was1,20-K&920465207
'*D+,'L=9-vFH-	+r|;*.0.ﬁ;*.0&8t"-	R	20n,=9D'QAU-	=ZFJ1,-	=J>-	+<;*I,203'*-	2GF81,-	=BcU20.01,njD&92GFH20D+,&978-	&9&9I,+,3 σxy ;*I,&J>.qVsVË 
D1,-	={1,-	=8>-	+<;*I,203'*-	2GFH&H;*+,3Q;*:j-J1,-	&8t"-v[^-	=9-	+,R	&ZFH-	=9+,'e;eF6;*.0D3-	&{D1,-	={-	20+,-	=D7g:,20+<;eFH20D+~;*I,&{:j-	201,-	+
1,-v<+,20-	=9-	+#.;*&9&9-	+WV
z
20-?t"-	&9201,I,-	+h-	=93-	:j-	+h&920465#;*I,&
e = Aβ − Y. qVG®
z
;*&"Yy20-	.1,-	=U_I,&93.0-	20465LI,+,3g:j-	&ZFH-	5QFﬁ20+J1,-	=ﬁ­h20+,207820-	=9I,+,3?1,-	=

I<;*1,=H;eFH20&9465,-	+
¡
I,7878-1,-	=(3-vA"20465QFH-O
FH-	+#t"-	&9201,I,-	+~ eTPe→ ­h20+,207gI,7JV z ;*R	IhA"20=91/1,20-S>?;*I,@&9465,-?E=H;*+,&Z[^D=97820-	=ZFH- N :j-	&ZFH20787\Fﬁ782GF
N = ATPA. qVGfµQ
z
20-?3-	&9I,465QFH-	+ŁC.;eF9FH-	+,'*D+,&ZF6;*+QFH-	+#-	=Z[^],.0.0-	+K1,20-S>.0-	20465LI,+,3
Nβ = ATPY qVG L
I,+,1h.;*&9&9-	+h&920465h782GF"M20.G[^-1,-	="wb+Qo-	=9&9-	+ N−1 = Q 1,20=9-	'QF":j-	&ZFH207878-	+/],:j-	=
β = QATPY. qVG®
243653  8HK9;: GIH 9L?BACG;: J=>  > 		=: E ?B> 
­h2GF{1,-	+pcU20.01,'*DD=91,20+<;eFH-	+1,-	&8£-	I,n,I,+,'QFH-	&I,+,11,-	+
P
-vFHRvF:j-	'e;*+,+QFH-	+pC.;eF9FH-	+,'*D+,&ZF6;*+QFH-	+p.;*&9&9-	+
&920465#],:j-	="1,20-3-vA(m*5,.GFH-	+Ł­hD1,-	.0.03.0-	20465LI,+,3-	+q>.qV<VG
°
g:,20&VG
°
QU1,-	&9&9-	+T;*+,3-	+QFH2;*.0'*DD=91,20+<;eFH-	+
:j-	=9-	465,+,-	+TI,+,1h782GF>.qV<V  20+0

I<;eFHD=92;*.0'*DD=91,20+<;eFH-	+J'*D+Qo-	=ZFH20-	=9-	+WV
24365365  >=DC>ﬀHBHK>	
=: 	=:=<
z
20-782GF9FH.0-	=9-	+|<-	5,.0-	= mα amδ #20+ 1,-	+ DD=91,20+<;eFH-	+1,-	&£-	I,n,I,+,'QFH-	&ŁAU-	=91,-	+ 782GF9FH-	.0&#|<-	5,.0-	=$O
[^D=ZFHnﬁﬀ;*+,R	I,+,3&93-	&9-vFHRT],:j-	=81,-	+p[^I,+,'QFH20D+,-	.0.0-	+YyI,&H;*7878-	+,5<;*+,3RvA"20&9465,-	+10

I<;eFHD=92;*.0'*DD=91,20+<;eFH-	+
I,+,1 C.;eF9FH-	+,'*D+,&ZF6;*+QFH-	+r3-v[^I,+,1,-	+WV
z
;*R	Ir7g],&9&9-	+¦1,20-T3-vA(m*5,.GFH-	+ ­hD1,-	.0.03.0-	20465LI,+,3-	+ q>.qVUVG
°

:,20&ﬁVG
°
Q20+K>.qV`V  \-	20+,3-	&9-vFHRvFﬁI,+,1J1,20-­#;eFH=92áX F 1,-	=U_:,.0-	2GFHI,+,3-	+J1,20-	&9-	=(|<I,+,'QFH20D+,-	+J+<;*465J1,-	+
C.;eF9FH-	+,'*D+,&ZF6;*+QFH-	+#:j-	&ZFH20787\F(AU-	=91,-	+WV
z
20-	&9-\­#;eFH=92áXK:j-	&92GFHRvFﬁ[^D.03-	+,1,-	&|<D=97B;eFk
F =

∂αR/∂k1 ∂δR/∂k1
∂αR/∂k2 ∂δR/∂k2
V
V
V
V
V
V
∂αR/∂km ∂δR/∂km
 . qVGfQ
z
I,=9465Ł­hI,.GFH20n,.020'e;eFH20D+oD+ Q 782GFﬁ1,-	7 782GF9FH.0-	=9-	+h>-vA"20465QFH&9-	20+,5,-	2GFH&Z[^-	5,.0-	= m0 -	+QFH&ZFH-	5QF1,20-?Dfo*;*=92áO
;*+,R	7B;eFH=92áX CP 1,-	=C.;eF9FH-	+,'*D+,&ZF6;*+QFH-	+Waj;*.0&9D
CP = m
2
0Q. qVG ﬂ
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z
-	=782GF9FH.0-	=9->-vA"20465QFH&9-	20+,5,-	2GFH&Z[^-	5,.0-	=".0-	2GFH-vFﬁ&920465h],:j-	=
m0 =
√
eTPe
n−m qVGfQ
;*I,&U1,-	+8-	=9:j-	&9&9-	=9I,+,3-	+K1,-	=
¡
F6;*+,1<;*=91,'*DD=91,20+<;eFH-	+B;*:WV
z
20-Dfo*;*=92;*+,R	7B;eFH=92áX CK 1,-	=@0

I<;eFHD=92;*.áO
'*DD=91,20+<;eFH-	+/A"20=91/+LI,+h],:j-	=
CK = F
TCPF qVGfQ
-	=9782GF9FH-	.GFkVU_I`[\1,-	=hM;*I,n`FH1,2;*3D+<;*.0-	+oD+ CK <+,1,-	+´&920465r+LI,+ 1,20-Ts;*=92;*+,R	-	+ cK1, 1 I,+,1 cK2, 2
1,-	= 0

I<;eFHD=92;*.0'*DD=91,20+<;eFH-	+/1,-	&£-	I,n,I,+,'QFH-	&	aW1,20-S],:j-	=t;*1,20R	20-	=9-	+#20+#782GF9FH.0-	=9-S|<-	5,.0-	=I,783-v[^D=97\F
AU-	=91,-	+T'*)+,+,-	+W
mα =
√
cK1, 1 und
mδ =
√
cK2, 2. qVG®
°

  #!+  # $&!'(!L#+
z
20-#20+p_:,&9465,+,2GF9F/V 782GFJ>.qVsV  3-vAUD+,+,-	+,-	+rDD=91,20+<;eFH-	+1,-	&J£-	I,n,I,+,'QFH-	&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